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Abstract. We construct the moduli space of cubic surfaces which do not admit a Sylvester form as 
an arithmetic quotient, and determine the graded ring of modular forms of even weights. 

1. Hessian K3 surfaces of non Sylvester type 

1.1. It is classicaly known that the ring of SL4(C)-invariants of quaternary cubic forms is 

C[Is,Ii6,hi,l32, ho,hoo] (deg/„ = n) 

where Is, ■ ■ ■ ,ho are algebraically independent and /f 00 £ C[Js, Iw, I24, 132, 140} ([H]. |Saj ) . Hence the 
moduli space of cubic surfaces Mi is isomorphic to the weighted projective space 

Proj C[J 8 , lie, J 24 , ^32, ho] = P(l, 2, 3, 4, 5)/. 

A general cubic surface is written as a complete intersection 

5 A : X + ■ ■ ■ + X 4 = 0, \ X$ + • • • + A 4 Xf = 

in P 4 with Ao, • • ■ , A4 7^ 0, which is called the Sylvester form. Let cr^ be the i-th elementary symmetric 
polynomial in Ao , • • • , A4 . They give invariants of S\ , and we have 

h = v\ — 4ct 3 <75, 7i6 = CTgCTi, J24 = C 5 (T4, Z 32 = (Tg^, Z4O = Cg- 

This correspondence gives a birational map 

P(1,2,3,4,5) A — ^P(l,2,3,4,5)/ 
with the base locus <7g = (74 = 0. The Hessian of S\ is given by 

H x : X + --- + X 4 = 0, + ... + — L- = 0. 

^OA-O A 4 A 4 

The Picard lattice of the desingularization of a general H\ is U © U(2) © A 2 (2) (see |DKj ). 

1.2. Dardanelli - van Geemen's stratification. The following facts on M. were proved in |DvG] . 

(I) The subvariety of M parametrizing cubic surfaces which do not admit a Sylvester form is defined 
by -/40 = 0. In general, such surfaces are given by 

S nsl {a) : Xl + X* + Xl - X^(a X + 3a 1 X 1 + 3a 2 X 2 + 3a 3 A 3 ) = 0. 

If we denote the i-th elementary symmetric polynomial in a\, a 2 , a 3 by pi, then we have 

[S nsl {a)} = [-4pi + al : p 2 : 2p 3 : PiPz : 0] € P(l, 2, 3, 4, 5)/. 

The Hessian surface of S ns \{a) is given by 

tj I \ v v v v I X 2 A 3 2 A 2 A . 2^0n n 

final (a) : A AiA 2 A 3 (ai— + a 2 — + a 3 — + 00 + 0!— + a 2 — + a 3 — ) = 0, 

Ao Ao Ao Ai A 2 A 3 

and the transcendental lattice of the desingularization of a general H ns \{a) is T ns i — U © U(2) © (—4). 
In affinc coordinates [Xq : X\ : X 2 : X 3 ] = [1 : x/a\ : y/a 2 : z/a 3 ], the equation of H ns i(a) is 

xyz(x + y + z + ao + h a 2 — h 0.3—) = 0. 

x y z 

(II) The subvariety of Ai parametrizing cubic surfaces 

S ns2 (b) : Xl + Xl + 2b a Xl - 3X 3 (6 1 X 1 X 3 + X 2 X 3 + A 2 ) = 
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is defined by I24, = 1 40 = 0, and we have 

[S„s2(b)} = [Sb : 1 + fo 3 : : 6 3 : 0] G P(l, 2, 3, 4, 5) 7 . 
The Hessian surface of S ns 2(b) is given by 

H ns2 (b) : X 1 X 2 X 3 (-2b X 3 + 61X1 + X 2 ) + + 6?X 2 ) - J^X^ = 

and the transcendental lattice of the desingularization of a general H nS 2(b) is T ns2 = U © U(2). 

(III) The subvariety of M. parametrizing "cyclic cubic surfaces" 

S C yc(a) : aiXl - a 3 (X + X x + X 2 f + a X% + axXf + a 2 X\ = 
is defined by I24 — I32 = ho = 0, and we have 

[S cyc (a)} G [(4 - 4/i 2M4 : M4 : : : 0] G P(l, 2, 3, 4, 5)/ 

where is the i-th symmetric polynomial of doi"' i a 3- The Hessian of S cyc (a) is reducible. 

(IV) The strictly semi-stable surface t 3 = xyz corresponds to the point [8:1:0:0:0], and the Fermat 
cubic surface corresponds to the point [1:0:0:0:0]. 

1.3. Batyrev's mirror construction. Hessian surfaces {H ns i} are obtained also as toric hypersur- 
faces. Let A be the octahedron in R 3 with vertices 

(±1,0,0), (0,±1,0), (0,0, ±1). 

It is a simplicial reflexive polytope, and its dual polytope A* is the cube with vertices (±1,±1,±1). 
Considering faces of A as simplicial cones, we obtain a toric variety X(A) = P 1 x P 1 x P 1 . The linear 
system of anti-canonical classes of X(A) (that is, K3 surfaces of degree (2, 2, 2) in (P 1 ) 3 ) is given by 

T(A*) = {J2a ijk x i y j z k = 0| fc) e A* n Z 3 } ((x, y, z) G (C x ) 3 c (P 1 ) 3 ). 

Similarly, we have the dual family of K3 surfaces 

.F(A) = {cix + c 2 y + c 3 z + c 4 + c 5 — h c 6 — h c 7 - = 0} 

xyz 

as hypersurfaces of X(A*). It is obvious that this family is birationally equivalent to the family {H ns i}. 
Note that the Picard lattice of a general menber of J-"(A*) is 



P 



2 2 
2 2 
2 2 



£*U(2)e<-4>, 



and we have T nsl = U © P. Hence J"(A) is the mirror partner of J"(A*) (see [B], [CT], [UT] and 

Note also that .F(A) is a subfamily of ^(A*). In the following, we regard H ns i as hypersurfaces in 

(P 1 ) 3 , and we replace coefficients ao,a 3 ,a2,a 3 of H ns i by 1,1*1,^2,1*3: 

H(u) : f u — xyz(x + y + z + 1) + {u\yz + u 2 zx + u 3 xy) = (x, y, z) G (P 1 ) 3 . 

1.4. Remark. From the 1-parameter family 

Hps{u) : xyz(x + y + z + 1) + u(xy + yz + zx) = 0, 
by the base change u = (t + t^ 1 )^ 2 , we obtain the family 

1111 

x-\ hyH h z + - +t + - = 

£ y z t 



studied by Peters and Stienstrain in [PS.. They studied the Picard- Fuchs equation and modular forms. 
The transcendental lattice of a general member is Uffi (12) . This K3-fibration is considered as a (singular) 
Calabi-Yau hypersurface in (P 1 ) 4 (see [V]). 
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1.5. Singularities. Let us assume U1U2U3 ^ 0. Then H(u) n (C x ) 3 is smooth if and only if 

) = JJ(i ± 2^1 ± 2^ ± 2^3") ^ 0. 

Therefore we define the parameter space 

U = {u= (mi,u 2 ,m 3 ) I uiu 2 u 3 A smg (u) ^ 0}. 
For any u <E U, we see that H(u) n ((P 1 ) 3 — (C x ) 3 ) is decomposed into twelve lines 

L x w - P 1 x {0} x {0}, L x0QO = P 1 x {0} x {00}, ■ ■ ■ , L^oo, = {00} x {00} x P 1 . 
They intersect at eight points 

(0,0,0), (0,0,oo), (0,00,0), (0,oo,oo), 
(oo,0,0), (oo,0,oo), (oo,oo,0), (00,00,00), 

that are singular points of H(u), and all of them are yli-singularities. Blowing up eight singular 
points of H(u), we obtain a K3 surface H{u). Let N u C H 2 (i/(u),Z) be a sublattice generated by 
twelve lines L x qq, ■ ■ ■ , Loo^ and eight exceptional curves Eqqo, ■ ■ ■ , -Eoooooo that are blown down to 
(0, 0, 0), • • • , (oooooo). 

1.6. Proposition. (1) For a general u € U, the lattice N u is the Picard lattice Pic(H(u)). 

(2) We have three involutions 

e x : (x,y,z) H- (— Cj, : (x,y,z) (x, — ,2), e 2 : (z, y, z) ( x , y, — ). 

X y z 

on H(u), and the product e = e x e y e z is an Enriques involution. 

(3) Let N* C 7V(g)Q be the dual lattice of N u , and q N : N*/N u -> Q/2Z be the discriminant form ((N]). 
Then we have e = e x — e y — e z as elements of the finite orthogonal group 0(<7jv). Moreover, we have 
O(gjv) = S3 x (e), where S3 is realized as symmetry of {x,y,z). 

Proof. (1) The self intersection numbers of L*** and -E**, are —2, and we have E a b c ■ L stu = 1 
if two of three equalities a = s , b = t or c = u are hold. Other intersection numbers are zero. Using a 
computer, we can show that the rank of the intersection matrix of them is 17. In fact, we have equalities 



Eqoo - 


= -ExiOoo + 


EqocO + 3Et)ooco ~ 3-BooOO ~ £-oo0oo ~ £"oooo0 + 


Eqq 00 OO 






2£a;oo + 2Z/ a;oooo + 2Lo yoo — 2L ooy Q + 2Loooz — 


2-C'ooOzj 


L ooyoo 


= 2i?ooo0 


+ 2^00000 — 2_E 00 oo — 2E 0C q 00 — i^oo — -^zOoo 


+ L XO oO 






+-C'xoooo + ^OyO + Lq voo — Z/ooj/0 + 2L()ooz 


2-ijooOzj 


^00002 


= 2i?oooo 


' 2i?0oooo — 2^0000 — 2^00000 — ia;00 + L x 0oa 


E X ooQ 






~^~E XOOOO ~\- 2Z/Qyoo 2X/ooyO ~l~ Lq ooz 





as elements of A^. Therefore -B00O7 -^ooyoo arid Lqoooz are redundant. Since the determinat of the 
intersection matrix of other 17 curves is 16, we see that they span the orthogonal complement of 

r rasl = ueu(2)e<-4). _ _ _ 

(2) As an involution of (P 1 ) 3 , fixed points of e are (i^/ui, ±«/tt2, zLy/uz). li u G U, then such points 
are not on H(u). 

(3) We have N*/N u = T* sl /T nsl = (Z/2Z) 2 x (Z/4Z), and it is generated by 

(■l = 'x{I J 0y0 + Lo yoo + Lqqz + Lqooz), 
(-2 =-^{L x oo + LxQao + LqQz + -LqoOz), 

m = -(2E + %L x qo 

+ 3La;0oo + SL^ooQ + 2Lq v o + Lo yoo + LooyQ + 3Loooz + ^ooOz)- 
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By machine computation, we see that 

e x (ii) = h (i = 1,2), e x (m) = -m, 

and the same for e y and e z . The 2-torsion subgroup of N*/N u is generated by ix,i 2 and £3 = 2m+£i+£ 2 , 
and these are all of elements x € N*/N u of order 2 such that Qn{x) = 0. We have a split exact sequence 

1 — ► (e) — ► O(qAr) — >• {permutations of ^1,^2,^3} — > 1 

since permutations of (x, t/, z) give permutations of ^j's. □ 

2. The period mapping and modular groups 

2.1. The period mapping. The period domain of the family {H(u) | u G is the bounded symmetric 
domain 



1 

1 



2 
2 



B ns ={zeP 4 *zQz = 0, *zQz > 0}, Q 

of type IV defined by the lattice T ns \. More explicitly, we have 

^ \ zo — —2{z^za — zV) 

[ysVi ~ vi > (yi = Imzi) 

and D„ s = ID+ S JJIU~ S where D^ s = {z£ D ns : ±y 3 > 0}. Let us define the orthogonal group 

0+ - {9 E GL 5 (Z) I tgQg = Q, g(B+ s ) = D+ } 

on the lattice T ns i, which acts on We define also the discriminant form 

q nsl : T* sl /T nsl — ► Q/2Z 

and the orthogonal group 0(q ns i). Let 0+ s (2) e be the kernel of the natural homomorphism 

0+ — > 0( 9 „ sl ) £* O( gA 5* S 3 x (e) , 

and 0+ s (2) be the kernel of the composition map 

0+ (2) e — > S 3 x (e) — > S 3 . 

We have -1 <= O+ (2) and -1 ^ 0+ (2) e . Since [0+ (2) e : 0+ (2)] = 2, we see that 

D+/0+(2) e =D+/0+(2). 

Let S u C H 2 (i?(u),Z) be the sublattice generated by L»*»'s and £?***'s, that is, the Poincare dual 
oi N u C H 2 (iJ(u), Z). Taking suitable 2-cycles 71 («),-•• , 7s(u) € (5'm) ± — ^nsi that are uniquely 
determined up to 0+,,-action, we can define the period mapping 

Per :U — \ D+ s , u = (ux,u 2 ,u s ) i-> [ u u : ■ • • : / u> u ] 

Ai( n ) •'7b(m) 

where w„ € H 2 ' (#(«)). 

2.2. Proposition. The multi- valued map Per induces an injective S3-equivariant mapU — > B+ s /0+,(2) £ 
and the map U/S3 — > B+ s /0+ s for Sa-quotients. 

Proof. Note that 

(1) the monodromy action of wi(U, u) on S u C H 2 (iJ(u), Z) is trivial, 

(2) wc can lift g e 0+ to g e 0(H 2 (#(«), Z)) such that g\ Su = id iff g € 0+ s (2) e . 

From these facts together with Proposition 11.61 we see that the map is injective as the period map of 
7V u -polarized K3-surfaces (see |Dlj ). □ 
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2.3. Proposition. The period map Per is given by the developping map of the Lauricella's hypergeo- 
metric differential equation for Fc(l, \] 1, 1, 1; — 2u\, —2u 2 , —2u 3 ) (see [Y] ). 



Proof. Indeed, we obtain a period of H(u) as follows. 

dx A dy A dz 

'M=lwl=l*l= s 



I(u u u 2 ,u 3 ) 



--\v\-- 



--\v\-- 



E 



{p + q 



p,q,r=0 



p\q 



III 



1 



dxdydz 



. XVzix + y + Z + 1) 1 + ^xy+^yz+u.zx 
a K a 1 xyz(x-\-y-\-z-\-l) 

^ (-uixy - U 2 yz - U 3 zx) n 

> ; — — —dxdydz ( u, <C e) 

(xyz(x + y + z + l))^ Vl " ; 

f, (p + g + r)! sH^z^cfefrdz 

;p 2_, =Q p!(?!r , (xy2 (, + y + z + i))P + ^ + ^ ^ < U2 > i ^ 

^iY( J3 ,q,r)(- Ul )P(- U2 )«(- W3 ) r 



where 



N(p,q,r) 



dxdydz 



{2m) 



\ x \ = \y\ = \ z \=e xi+iy^zP+^x + y + z + l)P+9+r+l 
3 (2p + 2<? + 2r)! 



(p + <7 + r)!p!(7!r! 



Therefore, we obtain 



I( Ul ,u 2 ,u 3 ) = (2mf jr ^ + lV -f- „,,"( -I,:;)' 



(»!o.. . , 

p,q,r=0 * ' 

(-Qp+g+r- ( 2 )p+q+r 
p ,£l (l)p(l)p(l),(l),(l)r(l)r 



(-2«i)*(-2u a )«(-2«3) r 



F c (l,-;l,l,l;-2ui,-2u2,-2u 3 ). 



□ 



2.4. Modular groups. The domain D+ s is isomorphic to the Siegel upper half space ©2 of degree 2 
by the map 



The symplectic group 



6 2 = {re GL 2 (C) I Imr > 0}, [1 : z 2 : ■ ■ ■ : z 5 ] ^ 



Z3 25 

Z 5 Zi 



Sp 



2s V 



{g G GL 2s (M) I t gJg = J}, J 



-I fl 
I 9 



acts on 6 9 by 



C £> 



We consider the congruence subgroup 

r (2) s = { 



r = (At+B)(Ct+£))- 1 . Let T g be the Siegel modular group Sp 2ff (R)nGL 2g (Z). 

e r g 1 c = mod 2}, 



A B 
C D 



and the extension 1^(2)2 of ro(2) 2 by a normalizer W 



n/2 



-I a 
2I 2 
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2.5. Proposition. Then we have an isomorphism 0+./{±l} = Fq(2)2/{±1} as aotumorphisms of 

Hs = ©2- 

Proof. This is an easy consequence of Theorem 3.1 in KoJ), and we omit the proof. We give just 
explicit correspondences of generators: 
(1) The map g : GL 2 (Z) 



0+ 



ai a 2 
a 3 a 4 



a\ a 2 , 2ai<i2 
a 2 a 2 2a 3 a 4 
0-10-3 020^ ai<24 + (7,203 



A 

'A- 1 



*(*)• 



is a homomorphism such that Ker g = {±1} and ^>(g(A) ■ z) 
(2) Let B2 be the additive group of integral symmetric matrices of degree 2. Then the map h : B2 — > 0+., 

1 

4 



mi 777,2 
7772 m 3 



1 y 



-2mi7772 + 2m| 1 



7)7 1 
777 2 
7773 



is a homomorphism such that ty(h(B) ■ z) 



I 2 B 

Io 











-27772 

1 








-2mi 47773 



1 
1 



(3) For w 






1 







1" 


1 





© 


1 






[-1] e 0+ s , we have • z) 



□ 



2.6. Proposition. (1) If x, y G Z 5 satisfy f xQx = t yQy = and l xQy — 1, then there exists a 
transformation 7 G 0+, such that 7 • x = e% and 7 • y = e 2 , where is the i-th unit vector. 

(2) For any primitive sublattice M = U © (12) of T ns i, there exists 7 G 0+, such that j(M) is either 

Mi = Ze x © Ze 2 © Z(e 3 + 3e 4 ) or M 2 = Zei © Ze 2 © Z(2e 3 + 2e 4 + e 5 ). 
For any primitive sublattice M' = U © U(2) of T ns \, there exists 7' G 0+ s such that 

7 '(M') = Zei © Ze 2 © Ze 3 © Ze 4 . 

(3) We have the following table for periods of special subfamilies: 





P(l : 2 : 3 : 4 : 5)/ 


lattice 


D+ /0+ 


© 2 /rs(2) 


2 


H ns2 (b) 


[-860 : 1 + b\ : : b\ : 0] 


UffiU(2) 


[1 : z 2 : z 3 : z 4 : 0] 




^3 

z 4 




Hps(u) 


[-12u + l : 3tj 2 : 2u 3 : 3w 4 : 0] 


Uffi (12) 


[1 : z 2 : 2z 5 : 2z 5 : z 5 ] 




2z 5 z 5 
z 5 2z 5 





Proof. (1) This is shown by the same argument with Proposition 3.2 in |Ko2j . 
(2) By (1), there exists 7 G 0+ s and x,y,z G Z such that 

j(M) = Zei © Ze2 © Z(xe 3 + ye 4 + ze 5 ), xy — z 2 = 3. 

Now the assertion for M follows from the facts: 

(i) the integer solutions of the system of eqations 

xy = z 2 + 3, \x\>\z\, \y\>\z\ 

are (2,2,±1) or (-2,-2,±l), 

(ii) if |ar| < \z\ or \y\ < \z\, then multiplying 





"1 


1 


±2" 




" 1 





" 


I 2 © 





1 





I 2 ffi 


1 


1 


±2 







±1 


1 




±1 





1 
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we can decrease the value of \z\. 

The assertion for M' is easily shown by the same way. 

(3) By (2), periods of H nS 2(b) belong to the divisor {z 5 = 0} in B+ s . Because surfaces Hps(u) don't 
belong to the family {H nS 2(b)} , their periods don't belong to W(M\ ® C) C {2:5 = 0}. Hence periods of 
Hp S (u) belong to P(M 2 ® C). □ 

3. Graded ring of theta constants 

3.1. Let r' be a subgroup of Sp 4 (R). A holomorphic function /(r) on ©2 is a modular form of weight 
k with respect to T' if it holds 



for any 



A B 
C D 



f((Ar + B){Ct + D)- 1 ) = det(Cr + D) k f(r) 
E V. Let Mfe(L') be the vector space of such functions, and A(T') even be the graded 



ring ©^ M2fc(r'). The generaters of the graded ring A(To(2)2) e ven are given by theta constants 
9a,b{T) = ex Pb™*("- + o)r(n + a) + 2ni t (n + a)b], r e 6. 



For simplicity, we denote d a ,b by xyzw if a — t (x/2,y/2) and b = t (z/2,w/2). 

3.2. Theorem (Ibukiyama, lb ). Let us define modular forms 

^ = (#0000 + #0001 + ^ooio + #oon)/ 4 ' ^1 = (^0000^0001^0010^0011 ) 2 , 02 = (#0100 - #ono) 2 / 16384 ' 

X = (#oioo#oiio#iooo6'iooi#iioo#iiii) 2 /4096 

of weight 2, 4, 4 and 6. Then the graded ring A(T (2)2) e ven is a free algebra C[i?, 01, 2 ,x], and 

Proj A(r (2) 2 ) e „ en SP(2,4,4,6). 

3.3. Lemma. The zero divisor of the function x( T ) is ro(2)2-obit of 



{r 



Tl T 2 
T2 T 3 



G © I r 2 = 0} 



with multiplicity 1, and x( T ) is the unique non-trivial function in Me(ro(2)2) vanishing there. 

Proof. The first assertion is proved by exactly the same way as in Kl , p. 116 - p. 118. By the equality 
of theta constants of one variable 6*q = 8f n + 9f , we see that 

Ht) = (<&(n) + <&(ti))(<&(t,0 + <&fo))/4, 

02 = («&(ri) - <(ri)) 2 (C(r 3 ) - <(r 3 )) 2 /16384 
for r e I x i. Therefore $ 3 , i}<f>i, i?02 are linearly independent on H x H. □ 



3.4. Proposition. The involution W = 



1 

V2 



-I 2 
2I 2 



acts on A(r (2)2)even as follows 



0(W-t) = (2det t) 2 ^(t), 4>i(W-t) = 1024(2 det t) 4 </>2(t) 
fa(W-T) = (2detr) 4 0i(r)/lO24, X (W ■ r) = (2 det t) 6 x(t). 

Therefore we have 

i4(rS(2) a )e «,=C[i?,^x,V], ProjA(rS(2)a) e „ e „sp(2:4:6:. 
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where 4> = <j}\ + 102402 and ip = 4>\4>2- 
Proof. By the following formula (|Igl|, p. 408) 



ft / /r)\ 

'oooo( T /2) 


= ^0000 ( T / 


1 _L (ft 

1 ~r p 1000 


( r ) - 


1 (ft lrr\ 1 


fl 2 /_\ 

0noo( r ) 


'oooi(t/2) 


= ^0000 ( T / 


1 + 01000 


(r)- 


- #0100 M - 


^iioo(r) 


'ooio(t/2) 


= 00000 ( T , 


1 — 01000 


W- 


^oioo(t)- 




'oon^/2) 


= ^0000 ( T / 


1 — 01000 


(r)- 


^0100 W + 




'oioo(t/2) 


= 2(< 


^0000^ 


^oioo + 6 


'iooo' 


?hoo)(t) 




'oiio(t/2) 


= 2(< 


^0000^ 


^oioo — 6 


'iooo' 


?hoo)(t) 




?ooo(t/2) 


= 2(< 


hooot 


^1000 + 6 


'oioo' 


?iioo)(t) 




%i(x/2) 


= 2(< 


hooot 


hooo ~ 6 


'oioo' 


?iioo)(t) 




, iioo(^/2) 


= 2(< 


hooot 


'noo + 6 


'oioo< 


?iooo)(t) 




, 1 2 ih(t/2) 


= 20 


hooot 


^iioo — 6 


'oioo' 


?iooo)(t) 





we see that 

W • t) = (Coo + Col + 0ooio + 0oW)(-^72)/4 = (0 4 ooo + 6 A wm + 0* 1OO + ^ocX"^ 1 )- 
Applying the inversion formula, we obtain 

i?(W-r) = 4(detr) 2 tf(r). 

By the same way, we can show that 

2 (-r- 1 /2) = (detr) 4 1 (r)/64, 
and replaceing r by — r _1 /2, we see that 

^(-r" 1 / 2 ) = 16384(detr) 4 </> 2 (r). 
For the modular form x( r )j we have 

(det r) 6 ^~~ T 1 = (0oooo0oooi — 0ooio0oon)(0oooo0ooio — 0oooi0ooii)(0oooo0ooii — 0oooi0ooio)( r )- 

Since the right hand side vanishes on H x H, it coincides with cx(r) for some constant c. Conparing 
Fourier coefficients, we see that c = 1. □ 

4. Boundary 

4.1. Let us study the extension of the period map Per : U — > D+. to the locus {u-$ = 0}. Note that 
we have 

F C (1, ~; 1, 1, 1; -2u 1} -2u 2 ,0) = F 4 (l, ~; 1, 1; -2ui, -2u 2 ) 
where F4 is Appell's hypergeometric series , and we have 

F ^ 1 ' 5 ; 1; (i - ^1 - id ' a - ^ - 1/) } = (1 ~ x)Hl ~ v)hFl ^ * 1; XV) 

(see [E]). It is known that Gauss's hypergeometric series 2Fl(|, 5; 1; t) has an elliptic integral repre- 
sentation. In deed, the same computation in Proposition 12.31 shows that Fi(l, \\ 1, 1; — 2u\, — 2u 2 ) is a 
period integral of a curve 

C{u) : xy(x + y + 1) + u%y + u^x = 

of degree (2,2) in P 1 x P 1 . The relation between this family and Appell's F4 was alredy studied by 
Stienstra in [St] . Here we study the relation between the invariants of C (u) and the degeneration of the 
map 

DvG : U — ► P(l, 2, 3, 4), (m, u 2 , u 3 ) i-> [-4s x + 1 : s 2 : 2s 3 : Sl s 3 ] 
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defined by invariants of cubic surfaces, where Si is the i-th symmetric polynomial of u\, u 2 , 113. For this 
map, we have 

lim [— 4si + 1 : s 2 : 2s 3 : S1S3] = [1 — 4wi — 4w 2 : uiu 2 : : 0]. 
On the other hand, the curve C(u) is birationally equivalent to an elliptic curve 



E(u) : F 2 - = X 4 + X J + (-«2 + ^ + -)X 2 + 



by the transformation 



2 4' 



/ x /„ v 4r - 4 ^ 2 - - ui , 
M - (2*. ^ 1 )- 



16 



4.2. Lemma. The classical invariants of the quartic equation f u (X) = are 

02(«) = ^fid 1 - 4u i - 4u 2) 2 - 48uiu 2 ), 

ff3 («) = ~ 10 1, (1 - 4 "i - 4w 2 )((l - 4mi - 4w 2 ) 2 - 72«iu 2 ), 

1 



13824 

Ab(u) = 52 (u) 3 -27 53 ( W ) 2 



4096 



iiu 2 ((l - 4ui - 4?i 2 ) 2 - 64«im 2 ). 



Therefore [1 — 4ui — 4u 2 : uiu 2 ] e P(l, 2) corresponds to a singular iff 

[1 - Am - 4m 2 : u 1 u 2 ] = [1:0] or [8 : 1]. 
Moreover we have A s j na (ui, u 2 , 0) = (4096As(ui, u 2 )/u\u 2 ) 2 . 
Proof. This is obtained from the definition 



g 2 = ae — 4bd + 3c 2 , g 3 = det 
for aX 4 + 4bX 3 + 6cX 2 + 4dX + e = 0. 



a b c 
bed 
c d e 



□ 



4.3. Now we can define a degenerated period map 

Per 12 : U 12 = {(«i, u 2 ) € C 2 | A B (ui, w 2 ) ^ 0} 
and construct the inverse map 

H — >■ [1 - 4ui - 4u 2 : Ul u 2 } S P(l, 2) 



by the Siegel ^-operator $(/)(n) = lim /( 

t— >oc ' 



Tl 

it 



). Let us define modular forms 



^ = $(8^=4(^ + 0, 
1 



/i 2 = $(i? 2 - 0) = 
of weight 2 and 4 with respect to r (2)i. 



10 



KENJI KOIKE, YAMANASHI UNIVERSITY 



4.4. Lemma. Modular forms h\ and h 2 satisfy same relations for 1 — iui — ^u 2 and u\u 2 in Lemma 
14.21 In deed, we have 



n=l 
„2n\2A 



hi{r) 2 -48/i 2 (r) =64£ 4 (2t) = 64(1 + 240 ^ er 3 (n)q 2 ™), 

n=l 

oo 

/ii(t)(/ii(t) 2 - 72/i 2 (r)) = -512£ 6 (2t) = -512(1 - 504^ er 5 (n)g 2n ), 

n 

OO 

/i 2 (t) 2 (/h(t) 2 - 64/^)) = 2 18 r ? (2r) = 2 18 g 2 J| (1 - g 2 ") : 

n=l 

h 2 (r)/(h 1 (T) 2 - 64h 2 (r)) = »?(2r)/» ? (r) 
where q = exp(27rir), and 

lim [fti(ii) : ft 2 (it)] = [1 : 0], lim [hi(-l/2it) : W-l/2ii)l = [8 : 1] G P(2,4). 

Since 77(2t)/^(t) is the Hauptmodul for ro(2)i, we see that the map 

M/r (2)i U {0, oo} -> P(l, 2), r [^(t) : fe(r)] - [1 - 4ui - 4u 2 : mtfe] 
is an isomorphism. 

Proof. By the formula 

2 o (2r) = i(^ (r) +flg 1 (r)), 2 1 (2r) = M^oi (r), # 2 (2r) = l(0 2 o (r) - ^(r)), 

we have 

£ 4 (2r) = [0 O 8 O - «i +0 o 8 1 ](2r) 

= ^oo + ^o 2 i) 4 - 4(0 2 o + 9 2 01 )X 8 2 oi + IK>Ooi](t) 
= ±{hj-48h 2 ](T) 

and 

E 6 (2r) = -i[(0 o 4 o + 02C " " 20 o 4 1 )](2r) 

= -^[(^oo + 60 o Voi + &tiMo + ttC - 60oVo 2 i + *Si)](r) 
= -^[hi(hl-72h 2 )](r). 
Other assertions are shown by similar calculation. 

4.5. Theorem. Let us define an embedding 9 : 6 2 /rS(2) 2 -» P(l,2,3,4) by 

t [8z9 : i? 2 - <t> : 1024x : 1024(V> - i?x)] 
Then we have the commutative diagram 

U 0+ 

P(l,2,3,4) 6/r5(2) 2 =D+/0+ 
and 6 induces an isomorphism 6 2 /r5(2) 2 U H/r (2)i U {0, oo} = P(l, 2, 3, 4). 

Proof. In deed, the map 6 is the unique map 

6/r5(2) 2 -> P(l,2,3,4), t^[F 2 (t) : F 4 (r) : F 6 (r) : F 8 (r)] (F fc G Af fc (r*(2) 2 )) 
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such that 

(i) Fq vanishes on H x 
(ii) 



lim [F 2 : F 4 : F e : F 8 ]( 

t—t-oo 



T 

ioo 



) = [/ii(r):/i 2 (r):0:0], 



(iii) 



[F 2 : F4 : Fq : F$]( 



2t t 
t 2t 



) = [-4si + 1 : s 2 : 2s 3 : SiS 3 }\ Ul=U2=U3=u 
= [-12u+l : 3u 2 : 2u 3 : 3m 4 ], 



that is, Fl = 3F S and 9F 6 2 = 4F 4 F S . 

For (i), we see that Fq = c\ by Proposition 12 . 61 and Lemma l3~51 For (ii), note that 



lim (ci?9 4 + c 2 ti 2 <t> + c 3 2 + c 4 ??x + c 5 V0( 

t— too 



Tl 

it 



) = 



+ ^oi) 4 /16 + ca(^ + OXVoi/* + cMAif = 
c\ = c 2 = c 3 = 

Therefore we have 

[f a : F 4 : ^6 : F 8 ] = [81? : V 2 - <$> : c X : c 4 i?X + c 5 # 
Now the condition (iii) implies 

(d 2 - 0) 2 (r) = 3Mx + cb^)(t), 9(c X ) 2 (r) = [4(tf 2 - 0)(c 4 ^x + C5^)](r) 



for r 



2ri n 
ri 2n 



Conparing Fourier coefficients 

§{t) = 1 + 72q 8 + 192g 12 + bOAq 16 + 576q 20 + 2280<? 24 
c/)(t) = q s - 4q 12 - 2q w + 20q 2 

12 c„16 1 o„20 1 4n„24 _|_ 
24 



.20 5g 24 



X (T)= g i2 -6 9 ib + 3 g 
V>(t) = q 12 + 6q 16 - 21q 20 - Mq 
we cobtain c = 1024, c 4 = -1024 and c 5 = 1024 
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